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Erdo s and So s conjectured in 1963 that if G is a graph of order n and size e(G)
with e(G)> 12 n(k&1), then G contains every tree T of size k. We prove the conjec-
ture in the case where G does not contain the cycle C4 .  1997 Academic Press
1. TERMINOLOGY
We shall use standard graph theory notation. We consider only finite,
undirected graphs of order n=|V(G)| and size e(G)=|E(G)|. All graphs
will be assumed to have neither loops nor multiple edges. The minimum
and the maximum degrees of a vertex in the graph G are denoted by $(G)
and 2(G), respectively.
We shall need some additional definitions in order to formulate the
results.
In a graph G a vertex of degree one will be called an end-vertex or a
pendent vertex. A pendent vertex in a tree is also called a leaf. If a vertex
has a neighbor which is an end-vertex, it is referred to as its end-neighbor.
An edge incident with an end-vertex is an end-edge or a pendent edge.
A penultimate vertex in a graph G is a vertex having at least one end-
neighbor and exactly one neighbor which is not end-vertex. In other words
a penultimate vertex is an end-vertex in the graph obtained from G by
removing all its end-vertices. Note that any nonstar tree has at least two
penultimate vertices.
The star-path-stars are the trees obtained from two stars by joining their
centers by a path.
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2. RESULTS
In 1959 Erdo s and Gallai [3] proved that every graph G with
e(G)> 12n(k&1) contains a path of length k. Motivated by this result,
Erdo s and So s made the following conjecture in 1963:
Conjecture 1. If G is a graph and e(G)> 12 n(k&1), then G contains
every tree T of size k.
This conjecture is still open. However some partial results have been
obtained (cf. [4] or [5]). In this paper we need only the fact that the
above conjecture holds for small values of n as well as for star-path-stars
with the path of length 1 or 2.
Brandt and Dobson proved in [1] that:
Theorem 2. Let G be a graph of order n and with girth at least 5. If the
size e(G)> 12n(k&1), then G contains all trees of size k.
Remark. An earlier, considerably longer proof by Dobson can be found
in [2].
Actually, the following slightly stronger result holds:
Theorem 3. Suppose that a graph G does not contain the cycle C4 . If the
size e(G)> 12n(k&1), then G contains all trees of size k.
A proof is given in the next section.
3. PROOF OF THEOREM 3
The proof is by induction on n. Using the known results we may con-
clude that the theorem is true for small values of n. Suppose it is true for
all integers less than n.
Let k be the smallest integer such that there are two graphs G and T
such that e(G)> 12n(k&1), G does not contain C4 , T is a tree with k edges,
and G does not contain T.
Let us first observe that for each vertex x of G we must have
dG(x)
k
2
. (V)
For, if there is a vertex v such that (V) is not true, then it is easy to find
that the graph G$=G"[v] of order n&1 is of the size greater than
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2(n&1)(k&1). In this case T would be a subgraph of G$, and a fortiori
of G.
Denote by r the number of end-edges adjacent to a penultimate vertex
u of T. Now let u be chosen with r as small as possible. Observe that, if
k&2r2, then T is a star-path-star with the length of the path 0, 1, or 2.
So, we can assume k&2r3.
Consider now the tree T $ obtained from T by removing all r end-vertices
adjacent to u. By the choice of T, we shall consider the graph T $ as a
subgraph of G.
Denote by v the (unique) neighbor of u in T $. Consider now the tree
T"=T $"[u]. Denote by U the set of all neighbors of v in G which are not
vertices of T". In other words U=NG(v)"V(T"). Note that, since u # U, we
have |U|= p1.
Let w be another penultimate vertex of T and let W be the set of its end-
neighbors. Without loss of generality, we may choose the vertex w with
distT (v, w) as great as possible. Let P be the (unique) path joining v and
w in T".
Suppose first that w is adjacent to v in T". Observe that the vertex u has
at most r&1 neighbors outside V(T"). Thus, by (V), it has at least
k2&r+1 neighbors in V(T $). However, there is no edge between u and
the set of vertices of T" which are at distance two from v and at most one
edge between u and the set of vertices of T" adjacent to v. Hence, we have
at most two edges between u and V(T"). Thus we have k2&r+12
which implies k&2r2, a contradiction.
So, we can assume that distT (v, w)2. Denote by v1 and v2 , respec-
tively, the first and the second vertex (from v) on the path P. By the choice
of u, we have |W |=r1r.
We put R=V(T")"(W _ [v]). Denote finally by R2 the set of those ver-
tices of R which are not joined (in G) with any vertex of U. Observe that,
for example, v2 # R2 . For, otherwise we would have the cycle v2u$vv1 ,
where u$ # U. This implies, in particular, that |R2 |1.
We shall consider two main cases.
Case 1. p2. It is easy to see that no vertex of U has r (or more)
neighbors outside V(T"). For, otherwise, T" together with this-vertex and
his neighbors would be a tree subgraph of G isomorphic to T. Thus, by (V),
at least k2&r+1 neighbors of a vertex of U are in V(T"). Hence, we have
at least p(k1&r+1) edges between U and V(T").
On the other hand, since G does not contain C4 , it follows that there are
(a) at most min( p, r1) edges between U and W, (b) exactly p edges between
U and [v], and (c) at most |R|&|R2 | edges between U and R.
So, there are at most min( p, r1)+ p+|R|&|R2 | edges between U and
V(T").
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Recall that we have removed r vertices from the tree T in order to get
T $, and next one vertex to get T". Hence, |R|=k&r&r1&1.
Thus the following inequality must hold:
p \k2&r+1+min( p, r1)+ p+k&r&r1&1&|R2 |.
Replacing min( p, r1) by p and r1 by r+(r1&r) we get
( p&2) \k2&r&1+1&(r1&r)&|R2 |. (VV)
Since k2&r&1>0 and |R2 |1, (VV) is possible only if p=2 and
|R2 |=1. Moreover, we can assume that in all above inequalities we have
actually the equality. This implies, in particular, that v2 is the unique vertex
of R which is not adjacent to any of both vertices of U and that pr1=r.
Denote by u1 , u2 the vertices of U and by w1 , w2 two vertices of W such
that u1 w1 # E(G) and u2w2 # E(G). Denote by w+ the neighbor of w on P.
Since there are two paths of length 3 (namely w+wwi ui , i=1, 2) joining
w+ with the vertices of U, w+ cannot send any edge to U. So, w+=v2 (see
Fig. 1).
Suppose next that w is adjacent to u2 and v1 is adjacent to u1 (they
cannot be adjacent to the same vertex of U ).
It is now easy to see that there is no vertex in T"&W which is not on
P, except, maybe, for exactly one end-vertex of T", x say, adjacent to v (in
T") and to u2 (in G). For, otherwise, since such a vertex must be connected
by an edge with U, it would be impossible to avoid C4 in G.
Note that T has at least eight edges and at least nine edges if x exists.
On the other hand, the vertex v cannot send any further edge to W _ R
without creating C4 . Since, by (V), k2dG(v) holds we obtain the desired
contradiction to the size of T.
Case 2. p=1. Consider the vertices u and v. They have at most one
common neighbor and at least one common nonneighbor (for instance, the
Fig. 1. Case p=2.
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first vertex on the path P which is not adjacent to v). Hence, |NG(u) &
V(T $)|+|NG(v) & V(T $)||T $|. So,
|NG(u)"V(T $)|=|NG(u)"V(T $)|+|NG(v)"V(T $)|k&|T $|=r&1
and, hence, we are done, unless both inequalities hold with equality. Sup-
pose it is the case. If r1>1, denote by w1 and w2 two vertices of W with
uw1 # E(G). Hence, vw2 # E(G). This implies that there is no edge between
[w, w+] and [u, v]. Thus r=r1=1.
Consider first the case where the edge uv1 # E(G). Then the vertex v2 is
not adjacent to v. So, it must be the unique common nonneighbor of u
and v.
If w1u # E(G), then wv  E(G). Note that then w{v2 . This implies
that wu # E(G). Consider now the edges w+u and w+v. It is clear that
neither of them is in E(G). Thus w+=v2 which is impossible because of the
cycle uww+v1u.
If w1u  E(G), then w1v # E(G). So, wu  E(G). Note that, as above,
w{v2 . This implies that wv # E(G). Consider now the edges w+u and w+v.
It is clear that neither of them is in E(G). Thus w+=v2 which is impossible
because of the cycle vww+v1v.
So, we can assume that uv1  E(G). However, u is adjacent to (exactly)
one neighbor of v in G. Denote it by x. We shall show that x is also
neighbor of v in T. Suppose, contrary to our claim that distT (v, x)=d4
(it cannot be equal to two or three). Let x$ be the vertex lying on the path
joining x with v in T at distance d&13 from v (in T ). Clearly, neither
x$u nor x$v belong to E(G). Thus x$=v2 , a contradiction.
Let z be a vertex of R different from x. If z{v2 then either zu or zv
belongs to E(G). This implies, in particular, that z is not adjacent to x in
G. Since distT (v2 , x)=3 the edge xv2 would close a cycle of length four.
Therefore, xv2  E(G). Finally, x cannot send any edge to the set R without
creating a C4 . Thus, x has only two neighbors in V(T $).
On the other hand, if x had a neighbor outside T, y say, then it would
be possible to embed T in G by replacing the edge vx by the edge vu and
by introducing a ‘‘leg’’ vxy. Therefore dG(x1)=2, contrary to (V). K
4. FINAL REMARKS
Actually, Brandt and Dobson proved in [1] Theorem 2 as a direct
consequence of the following somewhat stronger result:
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Theorem 4. Let G be a graph with girth at least 5 and let T be a tree
of size k. If $(G)k2 and 2(G)2(T ), then G contains T.
With a little more effort one can extend Theorem 3 also to this case.
Mention by the way the following conjecture due to Dobson [2]:
Conjecture 5. Let G be a graph with girth g2t+1 and let T be a tree
of size k. If $(G)kt and $(G)2(T ), then G contains T.
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